Recently, we witnessed a tremendous effort to conquer the realm of acoustics as a possible playground to test with sound waves topologically protected wave propagation. Acoustics differ substantially from photonic and electronic systems since longitudinal sound waves lack intrinsic spin polarization and breaking the time-reversal symmetry requires additional complexities that both are essential in mimicking the quantum effects leading to topologically robust sound propagation. In this article, we review the latest efforts to explore with sound waves topological states of quantum matter in two-and three-dimensional systems where we discuss how spin and valley degrees of freedom appear as highly novel ingredients to tailor the flow of sound in the form of one-way edge modes and defect-immune protected acoustic waves. Both from a theoretical stand point and based on contemporary experimental verifications, we summarize the latest advancements of the flourishing research frontier on topological sound.
I. INTRODUCTION
In condensed matter physics, the distinctive phases of matter are characterized by their underlying symmetries that are spontaneously broken. For example, in a crystal, the ions are periodically arranged, breaking the continuous symmetry of space. This is a clear signature of crystals. Using such way to classify the phases of matter remains a recurring theme until the discovery of the quantum Hall effect (QHE)
1 . In 1980s, Von Klitzing found that a twodimensional (2D) electron gas sample, subjected to low temperature and strong magnetic field, has a quantized Hall conductance, which is independent of sample size and immune to
impurities. It was later demonstrated that the state responsible for such phenomena does not break any symmetries, but is characterized by a completely different classification paradigm based on the notion of topological order 2, 3 , therefore opening a new research branch.
The topological description on phases of matter concerns the fundamental properties of the system that are insensitive to continuous perturbations of material parameters and change only under a quantum phase transition. For the QHE, the Hall conductance is such a fundamental property. Its quantization originates from the non-trivial topological properties of the energy bands, which are featured with a non-zero topological invariant, the Chern number, according to the TKNN theory 3 . The Chern number characterizes the geometric phase (commonly known as the Berry phase 4 ) accumulation over the Brillouin zone, and thus is closely related with the behaviors of the energy bands in the momentum space. It has been shown that a periodic magnetic flux, which breaks the time-reversal symmetry, is able to produce non-zero Chern number 5 . The resulting topologically nontrivial system supports a gapless edge state in the bulk energy gap ( Fig. 1(b) ), exhibiting an interesting electronic property that is insulating in the bulk but conducting on the edge. This is essentially different from a normal insulator ( Fig. 1(a) ), where the Chern number is zero.
Additional to applying a magnetic field, it was quickly found that the inherent spinorbital coupling of a material can also give rise to non-trivial topological phases 6, 7 . Kane and Zhang et al. found in systems with spin-orbital coupling, a pair of gapless edge states emerges in the insulating bandgap. The edge states carry conjugate electronic spins and exhibit spin-dependent propagation behaviors, as sketched in Fig. 1(c) . This is the so-called quantum spin Hall effect (QSHE). In this case, the total Hall conductance is zero, so is the Chern number, implying the time-reversal symmetry is intact. In fact, it is exactly the time-reversal symmetry that protects the spin-dependent edge states. Though the total Hall conductance is zero, the spin Hall conductance is non-zero and can be described by a Z 2 topological invariant or the spin Chern number 8 .
worth mentioning that the VHE also maintains intact time-reversal symmetry. Regardless of the nature of abovementioned topological phases, they share the same property that the edge states span the bulk bandgap and separate domains with different Chern numbers. In parallel with these gapped topological phases, topological semimetals, which are featured with topologically protected gapless band structures and accompanied by gapless surface states, have recently emerged as a new frontier [11] [12] [13] . Among them, Weyl semimetals have received particular attention, as their quasiparticle excitation is the Weyl fermion, which
has not yet been observed as a fundamental particle in vacuum. In a Weyl semimetal, the Weyl points separated in momentum space carry opposite chiral charges and are connected across the domain boundaries by a surface state, i.e., the Fermi arc ( Fig. 1(e) ), upon which the Weyl fermions are robust while carrying currents.
The above mentioned topological states and their associated exotic phenomena could promise potential applications in the next generation of electronic devices and topological quantum computing. However, realizing the topological phases poses great challenges that are difficult to overcome in electronic systems, such as the inevitable material defects as well as the validity of the single electron approximation, which is the essential basis of most topological descriptions. Thus, it is not surprised that many of the quantum topological states have been extended to photonic and phononic systems, benefiting from their large scale in both time and space, which makes the control of fabrication and the measurement process much easier and more accurate compared to the electronic systems. Additionally, the photonic/phononic systems are not restricted by the Fermi levels, and therefore any appropriate regions of the spectrum can be of interest. Nevertheless, emulating the topological phases in condensed matter physics to the classical regime might not be straightforward, due to the key difference between electrons and photons/phonons. For instance, the photons/phonons do not carry a half-integer spin and therefore cannot directly interact with the magnetic field. Breaking the time-reversal symmetry in these systems requires additional effort. Moreover, the difference between fermions and bosons might also provide new angles to the quest of topological phases of matter, which may have potential applications in the design of low loss photonic/phononic devices. This review offers a detailed exposition on some of the recent advancements of the topological states in classical regime, mainly focused on the airborne sound.
The organization of the remainder of this review is as follows. In Section II, we elaborate the main breakthroughs of the analogue QHE and QSHE in acoustics, followed by the development of VHE in Section III. Section IV is devoted to the Weyl semimetal. In Section V, the possibility to extend the topological phases to mechanical waves is discussed. The last section presents our perspectives on possible future directions.
II. ANALOGUE QUANTUM HALL EFFECT AND QUANTUM SPIN HALL EF-

FECT
The QHE provided the first example of the topological phases of matter. Observing the QHE, a 2D sample subjected to low temperature and a strong magnetic field exhibited the behavior of an insulator in the bulk and a metal along the edges where the electrons move unidirectionally without backscattering or dissipation. The associated Hall conductance takes the quantized values of σ xy = Ce 2 /h, which are unaffected by impurities. Here, h represents the the Plank constant, e is the charge of an electron and C is the Chern number.
As mentioned above, it characterizes the topology of the electronic wave functions in the momentum space and is independent on the material properties 2,3 . This is essentially the reason why the QHE is topologically robust against impurities. For a 2D system, the Chern number can be evaluated by
where
is the Berry connection. u n (k) represents the periodic part of the Bloch state on the nth energy band with momentum k. Under the symmetry operations, the Berry curvature obeys the rules of PF (k) = F (−k) and T F (k) = −F (−k), where P and T denote the parity and time-reversal operators, respectively. Note that when the system breaks T symmetry but preserving the P symmetry, the integral in Eq.(1) (which runs over the entire Brillouin zone) acquires a non-zero value, so does the Chern number. Non-zero Chern number corresponds to a topological non-trivial phase while zero Chern number corresponds to a topological trivial phase. The topological phases with non-zero Chern number offer intriguing wave transport properties like one-way edge propagation and robustness against impurities, which might have promising applications in the next-generation of electronic devices and quantum computing.
Driven by their development in electronic systems, the topological phases were quickly transferred to the classical realms, with the analogue QHE in photonics firstly proposed and experimentally realized at microwave frequencies 14, 15 . The considered system is a 2D photonic crystal, comprising a gyromagnetic material subjected to a magnetic field that breaks the T symmetry. Consequently, topologically protected edge states were constructed, featured with one-way wave transport behaviors that are robust against defects and bends. In acoustics, however, breaking the T symmetry is quite challenging, usually involving additional complexities, such as using magneto-acoustic materials 16 or introducing nonlinearity 17 .
These possibilities either require large volumes or introduce inherent signal distortion, which are typically impractical. Inspired by the magnetic bias producing electromagnetic nonre- 
where φ is the velocity potential, ω is the angular frequency, c is the sound speed and ρ is the mass density of air. For non-zero V , the term A ef f = −ω V /c 2 gives rise to an effective vector potential, which generates an effective magnetic field B ef f = ∇ × A ef f that breaks the T symmetry. The inset in Fig. 2(c) illustrates such a process.
Based on this principle, several designs of analogue QHE in sonic crystals have been To experimentally implement the above discussed airflow-based designs, uniformly biased circulators are required, which impose serious challenges, such as nonsynchronous rotation and flow instability. This makes the practical implementation elusive until recently, Zhu et al. proposed a rotating chiral structure based on ring resonators that support highorder whispering gallery modes with high Q factor 24 . This special design allows the system to produce giant acoustic nonreciprocity at small rotation speed, and therefore a stable and uniform airflow can be generated. On the other hand, using active liquids that can flow spontaneously even without an external drive has also been explored to break the T symmetry 25, 26 . This might relax the experimental requirements and bring new opportunities to topological phases of matter in active materials, for which, uniquely inherent material properties like microscopic irreversibility may help to achieve functionalities that are absent using only passive materials.
Compared to the QHE that requires to break the T symmetry and therefore imposes certain challenges to the experimental implementation, it is more preferable and practical to explore topological phases under preserved T symmetry, i.e., the QSHE, also known as the topological insulators (TIs) 6, 7 . The QSHE can be regarded as the effect of two coupled quantum Hall states. Differently, the spin-orbit coupling plays an essential role in the QSHE where the coupling between spin and orbital angular momentum causes the moving electrons to feel a spin-dependent force, even in the absence of magnetic materials. As a result, the electrons with opposite spin angular momenta (often referred as spin up and spin down) will move in opposite directions along the edges. The QSHE with edge states that are spin-locked and protected by the T symmetry also found their counterparts in photonics and phononics, but not straightforward. It is well known that for fermions with half-integer spin, like the electrons, the T symmetry operator satisfies T 2 f = −1, and hence guarantees the Kramers degeneracy, which is crucial for the QSHE 27 . However, for bosons with integer spin, like the photons and phonons, the T symmetry operator obeys T 2 b = 1, which is essentially different from the fermions. Consequently, to realize analogue QSHE in bosonic systems, it is necessary to construct fermion-like pseudo spins and pseudo T symmetry 28 . In photonics, different polarizations were used to construct pseudo spins as TE+TM/TE−TM (where TE and TM are the transverse electric and magnetic polarizations) 29 , as TE/TM 30 and as left/right circular polarizations 28 . In acoustics, however, due to the lack of various polarizations (sound propagates longitudinally only), it is even more challenging to realize analogue QSHE. A possible solution was addressed based on using coupled resonators that support clockwise and anticlockwise resonant modes, which impart the pseudo spins [31] [32] [33] [34] [35] .
Recently, another approach was proposed utilizing two degenerate Bloch modes, instead of two polarizations or two resonant modes, to create the pseudo spin states Later on, an accidental degeneracy technique 40 was also implemented to create the doubly degenerate Dirac-like cones and the pseudo spins 41, 42 , taking the advantage of large index and impedance contrast of the composite materials, which is especially common in acoustics. Here, we demonstrate in detail how the acoustic analogue QSHE can be realized in a honeycomb lattice consisting of steel rods in air, based on the accidental degeneracy 41 . Due to the 2D irreducible representations of the C 6v symmetry, the honeycomb lattice supports two pairs of degeneracies at the Γ point, the dipolar modes p x /p y and the quadrupolar modes d x 2 −y 2 /d xy , which can hybridize to emulate the pseudo spins. By decreasing the filling ratio of the steel rods, the two pairs of dipolar and quadrupolar modes, separated by a band gap, will move in frequency and exchange their positions (the so-called band inversion).
In between, there is a point where the band gap is closed and the two pairs accidentally touch together, forming the doubly degenerate Dirac-like cones (essentially different from the zone folding mechanism). This gap-opened, closed and re-opened process is sketched in Fig. 3(b) , which leads to a topological transition from the trivial (ordinary) state to the non-trivial (topological) state. The transition point is exactly the double Dirac-like point.
In the topological non-trivial state, a pair of edge states appear, carrying opposite group velocities to emulate the spin-up and down states. Correspondingly, the spin-dependent sound propagation can be expected, which is depicted in Fig. 3(c) . More studies in Fig. 3(d) reveal that the spin-locked edge state propagation is immune to various defects, including cavities, disorders and bends, essentially different from a regular waveguide (the lower penal of Fig. 3(d) ). It is worth mentioning that as the C 6v symmetry is not perfectly preserved at the interface between the trivial and non-trivial lattices, the two counter-propagating pseudo spin states are slightly mixed and a tiny gap exists at the center of the Brillouin zone. As a result, the backscattering of the edge states is not completely suppressed. Lu et al. 74, 76 firstly introduced the concept of valley states to SCs for acoustic waves.
The hexagonal SC consists of triangular rods in a 2D waveguide, of which symmetries can be characterized by the rotation angle α. It has been pointed out that the existence of a two-fold Dirac degeneracy at the corners of the 1st Brillouin zone (BZ) for any SC with α = nπ/3 is protected by the C 3v symmetry, whereas the degeneracy would be lifted for any other rod orientation breaking the mirror symmetries 73 . As shown in Fig. 4(b (Fig. 4(c) ), the sign of the effective mass m = (ω q + − ω q − )/2v the interface that generates a time delay
where ∂ϕ i is the phase of sound wave along interface with i = 0, 1, 2...N detours, and ∂ϕ 0 is the phase through the uninterrupted straight structure. The time delay can be increased When a point source is placed at the left side of the upper layer, most of the sound energy is switched to the lower layer as the wave reaches another ALH interface, assisted by the layer-mixed AVH interface with specific length.
IV. THREE DIMENSIONAL TOPOLOGICAL ACOUSTICS
Parallel to developments of TIs, topological semimetals have emerged as a new frontier in the quest of new topological phases in the past few years. 11, 12 Topological semimetals are identified as topological materials in the sense that the gapless band structures are topologically protected and are accompanied by robust gapless surface states. 13 
where q = (q x , q y , q z ) and q i is the wave vector originating from the Weyl point, f (q) is an arbitrary real function of q, v is a 3 × 3 constant matrix, σ 0 is the 2 × 2 unit matrix, and σ x , σ y , σ z are the Pauli matrices. The charge of the Weyl point in Eq. ( 4) is given by C = sgn(det v). Weyl points can also exhibit higher topological charges. 102 For simplicity sake, we restrict our discussion here to Weyl points of charge +1 and −1. HamiltonianĤ of this tight binding model is given by:
where a(b) and a † (b † ) are the annihilation and creation operators on the sublattice cites.
Each lattice site is labeled by i, k, wherein the first denotes the coordinate inside each layer and the second denotes the layer number. i, j in the first summation represents intralayer nearest neighbor and i, j in the second summation represents interlayer next nearest neighbor. The corresponding Bloch Hamiltonian H(k) is given bŷ
where 
The first term in Eq. (7) represents an energy shift which does not change the topological charge of the Weyl point. And hence the charge of the Weyl point at K is −1. The system exhibits C 6 rotational symmetry along the z direction, and time-reversal symmetry implies that the system possesses another Weyl point at the K point and with the same charge.
One can also follow the same procedure and concludes that the charge of the Weyl point at H is +1. This fact also illustrates an important property of Weyl crystals: the total charge inside the first Brillouin zone of a periodic system should vanish. 103 This distribution of the Weyl points and their associated topological charges are shown in Fig. 7(b) .
In this system, k z is a good quantum number, and hence one can define the Chern number of any two-dimensional subsystems with a fixed k z . In Fig. 7(d) , we show the Chern number as a function of k z with the red curve. The Chern number only changes when it comes across a k z plane with nonzero topological charge. In this system, the Chern number is +1 for k z > 0 and −1 for k z < 0. According to the bulk-edge correspondence 104 , there should be one-way edge states provided that k z is preserved. Such one-way edge states should be present for any k z = 0 or π which then forms a Riemann surface like structure and the iso-energy contour of it is known as the Fermi arc. One advantage of using acoustic metamaterial as a platform to explore the physics of topological material is that real samples can be made more straightforwardly than quantum materials. Indeed, experimental realizations of acoustic Weyl metacrystals were performed soon after the theoretical proposal. [96] [97] [98] We focus on the experiments in Ref. 96 . In this work, shows the surface Brillouin zone on the k x − k z plane and projection of Weyl points as denoted by the green and purple spheres. The solid and dashed curves represent the "Fermi arcs" on the positive and negative x − z surfaces, respectively. The working frequency is chosen to be 15.4kHz which is between the frequencies of these two Weyl points. At this frequency, the equi-frequency contours of the bulk bands around the Weyl points project to elliptical disks as outlined by the purple curves. The Fermi arcs connect these elliptical disks.
Experimentally, one can measure the surface wave field distributions which can be Fourier transformed to obtain the Fermi arc. The experimental results are shown as color code in Fig. 8(b) , where red represents maximal value and blue represents minimal value. The experimental measured results agree quite well with the numerical simulations. As discussed before, such systems support one-way surface states against k z preserved scatterings, which are also experimentally demonstrated.
96-98
Weyl points are not the only object in the reciprocal space that possesses a topological charges 105 . A nodal surface, which is a surface degeneracy between two bands, can also possess a nonzero topological charge. The nodal surface is protected by non-symmorphic symmetry G 2z ≡ TC 2z and is located at k z = π/d h with arbitrary k x and k y , where T denotes the time reversal operation andC 2z represents the two-fold screw rotational symmetry along the z direction. The band dispersion is linear in the vicinity of the nodal surface. Note here that G 2z symmetry only protects the presence of the nodal surface, whether it is topologically charged or not depends on the system parameters. 105 A tight-binding model that exhibits this symmetry and also possesses a charged nodal surface can be obtained by simply shifting one of the sublattice in Fig. 7 (a) along the z direction by d h /2, and the resulting tight binding model is shown in Fig. 7(e) . Here, the intralayer hopping is also slightly modified to preserve the G 2z symmetry. The band structure of this tight binding model is shown in Fig. 7 (c) with the blue curve. Here the intralayer hopping (denoted by the black bonds) and interlayer hopping (denoted by the cyan bonds) are set as t 0 = 1 and t c = 0.2, respectively. We see that the two bands become degenerate on the k z = π plane and the dispersion is linear away from this nodal surface. The Weyl points at K and K still are preserved while the Weyl points at H and H are merged into the nodal surface and hence the nodal surface should possess topological charge +2. The charge distribution of the tight binding model in Fig.   7 (e) is shown in Fig. 7(f) , where the red plane represents the nodal surface with topological charge +2. The Chern numbers as a function of k z remain the same as that in Fig. 7(d) .
V. TOPOLOGICAL MECHANICAL WAVES
In the preceding sections we reviewed the entire landscape of topological states in both time reversal symmetric and asymmetric acoustic structures. It is thus evident that these quantum topological phenomena, similar to photonic systems, find their counterparts in engineered sonic structures and lattices. But does this apply to mechanical waves as well?
Throughout this review, we have hinted towards it, first of all however, we need to distinguish between zero frequency nontrivial topological modes that are insensitive to smooth deformations and actual mechanical vibrations. In this section we embark to discuss on the latter whereas topological zero modes and states of self-stress have been extensively discussed elsewhere 106 .The study into topologically protected mechanical waves at finite fre- 
VI. FUTURE DIRECTIONS
We have reviewed recent efforts in putting topological acoustics on the map of an overall attempt in building the bridge between quantum physics and topological insulators for classical waves. Artificial macroscopic lattices in the form of sonic and phononic crystals pose only little fabrication challenges as compared to photonic systems that are built on much smaller scales at which imperfections matter. Concerning this, it did not take much time for the frontier of topological acoustics to flourish from 2D to 3D where theoretical predictions quickly turned into experimental proofs of concepts.
The strategy to move forward could potentially rest on looking into the current stateof-the-art comprising electronic and photonic topological systems. Doing this will certainly provide a platform for research into exotic sound propagation and mechanical vibrations to spearhead novel basic wave physics. Topics such as higher-order topological insulators (HOTI) 126 sustaining corner and hinge states, experimental progress in non-Hermitian and PT symmetry topological insulators 127 , and analogies of Majorana-like bound states at finite frequencies will fall into this category making topological acoustics relevant among condensed-matter physicists. However, it is of substantial significance to actually look at the specific targets of research in acoustics and elasticity together with their more technological oriented challenges. Realizing topological robust and defect insensitive wave guiding, signal buffering and splitting could provide new avenues for improved surface acoustic waves sensors, on-chip filters in mobile phones, enhanced coupling efficiency in touchscreens, and potentially improve the robustness of bio-chemical sensing. Along this line, efforts in the near future must therefore revolve around shrinking topological acoustical but also mechanical properties into the micro scale in order to be of relevance to the aforementioned technologies.
Conclusively, while many of the reviewed results and breakthrough findings for the most part can be categorized in terms of academic research, based on the unconventional way sound and vibrations are tailored, one can only look forward to unprecedented routes and possibilities for phononic technologies that fully take advantage of topologically robust wave control. 110, 836 (1958) .
